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Abstract
We calculate examples of Picard groups for 2-blocks with abelian defect
groups with respect to a complete discrete valuation ring. These include
all blocks with abelian 2-groups of 2-rank at most three with the exception
of the principal block of J1. In particular this shows directly that all such
Picard groups are finite and Picent, the group of Morita auto-equivalences
fixing the centre, is trivial. These are amongst the first calculations of this
kind. Further we prove some general results concerning Picard groups of
blocks with normal defect groups as well as some other cases.
1 Introduction
Let O be a complete discrete valuation ring with k := O/J(O) algebraically
closed of prime characteristic p. Let K be the field of fractions of O, of char-
acteristic zero. Let G be a finite group and B be a block of OG. We always
assume that K contains all |G|th roots of unity. The Picard group Pic(B) of B
consists of isomorphism classes of B-B-bimodules which induce O-linear Morita
auto-equivalences of B. For B-B-bimodulesM and N , the group multiplication
is given by M ⊗B N . As yet relatively few examples have been calculated and
there are many open questions regarding their structure, as raised in [1]. One
is that, whilst the Picard group of a k-block is usually infinite, it is not clear
whether the Picard group of an O-block of a finite group must be finite. A re-
lated question is whether every element of Pic(B) can be taken to be a bimodule
with endopermutation source. There are also no known examples of blocks B
where the subgroup Picent(B) of Pic(B) inducing the identity map on Z(B) is
nontrivial.
The purpose of this article is to find the Picard groups of some classes of
examples, both to provide evidence for the main open questions, but also as
tools for the classification of Morita equivalence classes. Previous examples
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where the Picard groups have been calculated are the blocks with cyclic or
Klein four defect groups, and blocks of groups P ⋊ E where P is an abelian
p-group with E abelian and [P,E] = P , all in [1]. Further it follows from [12]
that Pic(B) is finite when B is the unique block of a finite group G with a
self-centralizing normal p-subgroup.
In [9] and [22] the Morita equivalence classes of 2-blocks with abelian defect
group of 2-rank at most three were classified. Our examples of Picard groups
include those for representatives of each Morita equivalence class of such blocks
(except the principal block of J1). Further we give general results in the case
that the defect group of a block is abelian and normal.
Following [1], the groups L(B) and T (B) are the subgroups of Pic(B) of
bimodules with linear and trivial sources respectively. For n ≥ 1, we denote by
Gn the group (C2n × C2n)⋊ C3, where the action of C3 is given by permuting
a, b and (ab)−1, where a and b are generators for the two cyclic factors. In
particular, G1 ∼= A4. Our main results are Theorem 4.7 and Propositions 5.3
and 5.4, which we summarise here.
Theorem 1.1. Let P be a finite abelian 2-group.
(i) If B = O(P ×Gn), where n ≥ 1, then Pic(B) = L(B) ∼= (P ⋊Aut(P ))×
(C3 ⋊Out(Gn));
(ii) If B = O(Gn1 ×Gn2), where n1, n2 ≥ 1, then Pic(B) = T (O(B)
∼=
(i) (C3 ⋊Out(Gn1)) ≀ S2 if n1 = n2,
(ii) (C3 ⋊Out(Gn1))× (C3 ⋊Out(Gn2)), if n1 6= n1;
(iii) If B = B0(O(P ×A5)), then Pic(B) = L(B) ∼= (P ⋊Aut(P )) × C2;
(iv) If B = B0(O(Gn × A5)), where n ≥ 1, then Pic(B) = T (B) ∼= (C3 ⋊
Out(Gn))× C2;
(v) If B = B0(O((C2n)
3 ⋊ C7)), where n ≥ 1, then Pic(B) = T (B) ∼= C7 ⋊
Out((C2n)
3 ⋊ C7);
(vi) If B = O((C2n )
3 ⋊ (C7 ⋊ C3))), where n ≥ 1, then Pic(B) = T (B) ∼=
C3 ⋊Out((C2n)
3 ⋊ (C7 ⋊ C3));
(vii) If B = B0(OSL2(2
n)), where n ≥ 2, then Pic(B) = T (B) ∼= Cn;
(viii) If B = B0(OAut(SL2(8))), then Pic(B) = T (B) ∼= C3.
In each case Picent(B) = 1.
Remark 1.2. Note that Aut(C2n ×C2n) ∼= GL2(Z/2
nZ) ∼= O2(GL2(Z/2
nZ))⋊
S3. By Lemma 2.1 we have Out(Gn) ∼= NAut(O2(Gn))(C3)/C3, so Out(Gn) is a
2-group.
Also Aut((C2n)
3) ∼= GL3(Z/2
nZ) ∼= O2(GL3(Z/2
nZ))⋊GL3(2). Now GL3(2)
has a unique conjugacy class of subgroups C7 ⋊ C3, so it follows from the
2
Schur-Zassenhaus theorem that Aut((C2n)
3) also does. This uniquely defines
(C2n)
3⋊(C7⋊C3) up to isomorphism. Similarly (C2n)
3⋊C7 is uniquely defined.
By Lemma 2.1 Out((C2n)
3⋊ (C7⋊C3)) ∼= NGL3(Z/2nZ)(C7⋊C3)/(C7⋊C3),
which is a 2-group, and (C2n)
3⋊C7 ∼= NGL3(Z/2nZ)(C7)/(C7), which is a {2, 3}-
group with Sylow 3-subgroup of order three.
Corollary 1.3. Let G be a finite group and B a 2-block of OG with abelian
defect group D of 2-rank at most three, with the exception of G = J1. Then
the isomorphism type of Pic(B) is determined and Pic(B) ∼= Pic(C) = L(C)
for some block C (of OH for some finite group H) Morita equivalent to B
with isomorphic defect group. In particular, |Pic(B)| is bounded in terms of D.
Further Picent(B) = 1.
Remark 1.4. Florian Eisele, in an as yet unpublished preprint, has shown that
Pic(B0(OJ1)) = 1.
It is observed in [8] that derived equivalence preserves finiteness of Picard
groups. In particular, as by [9] Broue´’s conjecture holds for 2-blocks with abelian
defect groups of 2-rank at most three, finiteness can also be seen for such blocks
by using Proposition 4.6.
The structure of the paper is as follows. In Section 2 we define Picard
groups and certain distinguished subgroups, and give some background results
from [1]. The groups of perfect self-isometries of blocks play a major role in much
of this paper, and Section 3 contains the relevant definitions and calculations.
In Section 4 we apply the results of the previous section together with Weiss’
criterion to prove most of Theorem 1.1. In Section 5 we calculate the Picard
groups in the final cases of Theorem 1.1.
2 Picard groups of blocks
The following is based on [1]. For further detail we also recommend [15, 16].
Let G be a finite group and B be a block of OG with defect group D. Let F
be the fusion system for B on D, defined using a maximal B-subpair (D, bD).
Write E = NG(D, bD)/DCG(D), the inertial quotient. Write Aut(D,F) for
the subgroup of Aut(D) of automorphisms stabilizing F . Write Out(D,F) =
Aut(D,F)/AutF(D). Note that if B is the principal block and D is abelian,
then Out(D,F) ∼= NAut(D)(AutG(D))/AutG(D), where AutG(D) is the sub-
group of Aut(D) induced by conjugation in NG(D).
A special case that will be useful later is the following:
Lemma 2.1. Let D be an abelian p-group and E a p′-subgroup of Aut(D).
Write G = D ⋊ E and let F the fusion system associated to OG. Then
Out(D,F) ∼= NAut(D)(E)/E ∼= Out(G).
Proof. That Out(D,F) ∼= NAut(D)(E)/E follows from the definition and discus-
sion in Section 2. WriteH = D⋊NAut(D)(E) = ND⋊Aut(D)(G). The natural ho-
momorphism ϕ : H → Aut(G) gives rise to a homomorphism H/G→ Out(G).
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Since CH(D) = D this must be injective. Now let α ∈ Aut(G). Then α induces
an automorphism, say β, of D by restriction. Now ϕ(β)α−1 ∈ Aut(G) fixes D
pointwise. Surjectivity will follow once we have shown that any ψ ∈ Aut(G)
that fixes D pointwise must be in Inn(G). By the Schur-Zassenhaus theorem
E and ψ(E) are conjugate in G, and further they must then be conjugate in
D, say by n ∈ D. Write τn ∈ Aut(G) for the automorphism induced by con-
jugation by n, so τ−1n ψ(E) = E. Now τ
−1
n ψ fixes D pointwise. Let g ∈ E.
Then τ−1n ψ(g) ∈ Dg, since for all x ∈ D we have x
g = τ−1n ψ(x
g) = xτ
−1
n ψ(g), so
τ−1n ψ(g)g
−1 ∈ CG(D) = D. Hence τ
−1
n ψ(g) ∈ Dg ∩ E = {g}. We have shown
that ψ = τn, as claimed.
Now let A be a source algebra for B, so A is aD-algebra and we may consider
the fixed points AD under the action of D. Write AutD(A) for the group of
O-algebra automorphisms of A fixing each element of the image of D in A, and
OutD(A) for the quotient of AutD(A) by the subgroup of automorphisms given
by conjugation by elements of (AD)×. As noted in [1], by [20, 14.9] OutD(A) is
isomorphic to a subgroup of Hom(E, k×). We shall sometimes refer to OutD(B),
which is the quotient of the group of O-algebra automorphisms of B fixing each
element of the image of D in B, by the subgroup of automorphisms given by
conjugation by elements of (BD)×.
The Picard group Pic(B) of B consists of isomorphism classes of B-B-
bimodules which induce O-linear Morita auto-equivalences of B. For B-B-
bimodules M and N , the group multiplication is given by M ⊗B N . Write
T (B) for the subset of Pic(B) consisting of bimodules with trivial source and
L(B) for the subset consisting of linear source modules. It is shown in [1] that
T (B) and L(B) form subgroups of Pic(B) and are described by the exact se-
quences
1 → OutD(A) → T (B) → Out(D,F),
1 → OutD(A) → L(B) → Hom(D/foc(D),O
×)⋊Out(D,F),
(1)
where foc(D) is the focal subgroup of D with respect to F , generated by the
elements ϕ(x)x−1 for x ∈ D and ϕ ∈ HomF(〈x〉, D).
O-algebra automorphisms α of B give rise to elements of the Picard group
as follows. Define the B-B-bimodule αB by taking αB = B as sets and defining
a1 ·m · a2 = α(a1)ma2 for a1, a2,m ∈ B. Inner automorphisms give isomorphic
bimodules and α 7→ αB gives rise to an injection Out(B)→ Pic(B).
Each element of Pic(B) induces an automorphism of Z(B). The subgroup
consisting of those which induce the identity morphism is denoted Picent(B).
Note Picent(B) is precisely the subgroup of bimodules in Pic(B) that fix every
irreducible character.
The following is clear from [1] but we state it here for convenience as it will
be used frequently.
Lemma 2.2. Let B be a block of OG for a finite group G and let (D, bD) be
a maximal B-subpair. Suppose N ✁ G with G/N abelian, CG(D) ≤ N and
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G = NG(D, bD)N . Then OutD(B) has a subgroup isomorphic to G/N . Con-
sequently, if A is a source algebra for B, then OutD(A) has a subgroup iso-
morphic to G/N .
Proof. Let ϕ be the inflation of an irreducible character of G/N . An element of
OutD(B) is realised by taking the bimodule αB inducing the Morita equivalence
given by the automorphism α of B given by α(x) = ϕ(x)x. It is clear from the
permutation of Irr(G) given by αB that distinct characters of G/N give rise to
distinct elements of Pic(B).
In order to find T (B) when G is a direct product of groups we need to show
that OutD(A) factorises according to the factorisation of G.
Write i for the identity element of the source algebra A, so A = iOGi. As
described in [1, Remark 1.2] elements of OutD(A) correspond to direct sum-
mands of OGi ⊗OD iOG as B-B-bimodules inducing Morita equivalences. In
the following we will have to pass temporarily to the source algebra defined
with respect to k in order to apply [7, Lemma 10.37]. We use the notation kB
(or KB) to denote B ⊗O k (or B ⊗O K), and use similar notation for related
objects.
Lemma 2.3. Let G1 and G2 be finite groups, Bi a block of OGi and B =
B1⊗OB2 a block of O(G1×G2). Let D be a defect group of B with D = D1×D2,
where Di is a defect group of Bi. Let ei be a source idempotent of Bi. Then
e := e1 ⊗ e2 is a source idempotent of B and eBe ∼= e1B1e1 ⊗O e2B2e2.
Further OutD(A) ∼= OutD1(A1) × OutD2(A2), where A = eBe and Ai =
eiBiei.
Proof. We have BD = BD11 ⊗O B
D2
2 and CG(D) = CG(D1)×CG(D2). Now [7,
Lemma 10.37] implies that k(BD11 e1)⊗kk(B
D2
2 e2) is an indecomposable k(B
D1
1 )⊗k
k(BD22 )-module. So the image of e in k(B
D) is primitive hence so is e itself. In
addition
BrD1×D2(e) = BrD1(e1)⊗O BrD2(e2) 6= 0
and so we have shown that e is a source idempotent of B. Now every indecom-
posable B-B-summand of
OGe ⊗OD eOG ∼= (OG1e1 ⊗OD1 e1OG1)⊗O (OG2e2 ⊗OD2 e2OG2)
is isomorphic to M1 ⊗O M2, for an indecomposable B1-B1-summand M1 of
OG1e1⊗OD1e1OG1 and an indecomposableB2-B2-summandM2 ofOG2e2⊗OD2
e2OG2 (since another application of [7, Lemma 10.37] gives the analogous state-
ment over k and trivial source modules can be lifted uniquely to O). Finally we
note that K(M1 ⊗OM2) induces a bijection of simple KB-modules if and only
if each KMi induces a bijection of simple KBi-modules. The claim now follows
from [4, The´ore`me 1.2].
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3 Perfect isometries
Before we calculate some Picard groups of blocks it will be necessary to determ-
ine some perfect self-isometry groups. We first introduce some notation.
Let G be a finite group and B a block of OG. We write Irr(G) (respectively
Irr(B)) for the set of irreducible characters of G (respectively B), with respect
to K. Write Gp′ for the set of p-regular elements of G, IBr(B) for the set of
irreducible Brauer characters of B and prj(B) for the set characters of projective
indecomposable B-modules. B0(OG) will denote the principal block of OG.
Definition 3.1 ([5]). We denote by CF(G,B,K) the K-subspace of class func-
tions on G spanned by Irr(B), by CF(G,B,O) the O-submodule
{φ ∈ CF(G,B,K) : φ(g) ∈ O for all g ∈ G}
of CF(G,B,K) and by CFp′(G,B,O) the O-submodule
{φ ∈ CF(G,B,O) : φ(g) = 0 for all g ∈ G\Gp′}
of CF(G,B,O).
Now in addition let H be a finite group and C a block of OH. A perfect
isometry between B and C is an isometry
I : Z Irr(B)→ Z Irr(C),
such that
IK := I ⊗Z K : K Irr(B)→ K Irr(C),
induces an O-module isomorphism between CF(G,B,O) and CF(H,C,O) and
also between CFp′(G,B,O) and CFp′(H,C,O). (Note that by an isometry we
mean an isometry with respect to the usual inner products on Z Irr(B) and
Z Irr(C), so for all χ ∈ Irr(B), I(χ) = ±ψ for some ψ ∈ Irr(C)).
If H = G and C = B then we describe I as a perfect self-isometry of B. We
denote by Perf(B) the group of perfect self-isometries of B.
Remark 3.2. An alternative way of phrasing the condition that IK induces
an isomorphism between CFp′(G,B,O) and CFp′(H,C,O) is that I induces an
isomorphism Zprj(B) ∼= Zprj(C).
The following two well-known lemmas are both proved in [5].
Lemma 3.3. Let G and G′ be finite groups, B and B′ blocks of OG and OG′
respectively and I : Z Irr(B)→ Z Irr(B′) a perfect isometry. The K-algebra iso-
morphism between Z(KB) and Z(KB′) given by the bijection of character idem-
potents induced by I induces an O-algebra isomorphism φI : Z(B)→ Z(B
′).
Lemma 3.4. Any Morita equivalence of blocks induces a perfect isometry.
Before proceeding with some specific examples we need a lemma about Pi-
card groups and perfect self-isometry groups of group algebras of p-groups.
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Lemma 3.5. Let P be a finite p-group. Then we have the following isomorph-
isms of groups.
(a) Pic(OP ) ∼= Out(OP ) ∼= Hom(P,O×)⋊Out(P ) ∼= L(OP ).
(b) If P is abelian, then Perf(OP ) ∼= Aut(OP )× C2.
Proof.
(a) Let λ ∈ Hom(P,O×). ThenM∆P ↑
P×P is the bimodule inducing the Morita
equivalence given by tensoring with λ, where M∆P is the O(∆P )-module
given by (g, g).m = λ(g)m, for all g ∈ P andm ∈M∆P . Hence Hom(P,O
×)
embeds into Pic(OP ), and the result follows from [1, Theorem 1.1].
(b) Since there is only one indecomposable projective module for OP , every per-
fect self-isometry of OP must have all positive or all negative signs. Now by
Lemma 3.3 the induced permutation of Irr(OP ) induces an automorphism
of Aut(Z(OP )) = Aut(OP ). Hence the result.
We recall the character table of A4, where we also set up some labelling of
characters. We denote by ω ∈ O a primitive 3rd root of unity.
() (12)(34) (123) (132)
χ1 1 1 1 1
χ2 1 1 ω ω
2
χ3 1 1 ω
2 ω
χ4 3 −1 0 0
For the rest of this section we assume p = 2.
Proposition 3.6. [9, Proposition 2.8] The perfect self-isometries of OA4 are
precisely the isometries of the form:
Iσ,ǫ : Z Irr(A4)→ Z Irr(A4)
χj 7→ ǫδjδσ(j)χσ(j),
for 1 ≤ j ≤ 4, where σ ∈ S4, ǫ ∈ {±1} and δ1 = δ2 = δ3 = −δ4 = 1. Hence
Perf(OA4) ∼= S4 × C2.
Before proceeding we need a lemma. Let n ∈ N and ζ ∈ O a primitive (2n)th
root of unity.
Lemma 3.7. [9, Lemma 2.9] Letm be a positive integer and suppose
∑2m−1
i=0 ζ
li ∈
2mO, where li ∈ Z for 0 ≤ i < 2
m. Then either ζl0 = · · · = ζl2m−1 or∑2m−1
i=0 ζ
li = 0.
Let P be a finite abelian 2-group.
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Theorem 3.8. Every perfect self-isometry of O(P ×A4) is of the form (J, Iσ,ǫ),
where J is a perfect isometry of OP induced by an O-algebra automorphism,
σ ∈ S4 and ǫ ∈ {±1}.
Proof. We proceed as in the proof of [9, Theorem 2.11]. The projective in-
decomposable characters are
prj(O(P ×A4)) = {χP1 , χP2 , χP3}, where χPi =

 ∑
θ∈Irr(P )
θ

⊗ (χi + χ4) .
Let I be a perfect self-isometry of O(P × A4). Note that for 1 ≤ i ≤ 3,
〈χPi , χPi〉 = 2|P |, where 〈, 〉 is the usual inner product on Z Irr(P ×A4). There-
fore, by considering elements of Zprj(O(P × A4)) that also satisfy the above
condition,
I(χPi) = ±χP1 ,±χP2 ,±χP3 ,±(χP1 − χP2),±(χP1 − χP3) or ± (χP2 − χP3),
(2)
for 1 ≤ i ≤ 3. Now the characters in (2) are transitively permuted by isometries
of the form (Id, Iσ,ǫ) so we may assume that I(χP1 ) = χP1 . Next note that
〈χPi , χPj 〉 = |P | for 1 ≤ i 6= j ≤ 3 and so
I(χP2 ) = χP2 , χP3 , χP1 − χP2 or χP1 − χP3 .
Therefore, by post-composing I with Iσ,ǫ for
(σ, ǫ) = (Id, 1), ((23), 1), ((14),−1) or ((14)(23),−1)
respectively, we may assume I(χPi) = χPi for i = 1, 2. The only χ in (2) that
satisfies 〈χPi , χ〉 = |P | for i = 1, 2 is χP3 . So we have proved that I(χPi) =
χPi for 1 ≤ i ≤ 3. Therefore, by considering 〈χPi , χ〉 for all 1 ≤ i ≤ 3 and
χ ∈ Irr(P × A4), there exist Jm for 1 ≤ m ≤ 4, each a permutation of Irr(P ),
satisfying
I(θ ⊗ χm) = Jm(θ)⊗ χm, (3)
for all θ ∈ Irr(P ). Until further notice we fix some θ ∈ Irr(P ). Note that
1
12
θ ⊗ (χ1 + χ2 + χ3 + 3χ4) ∈ CF(P ×A4,O(P ×A4),O).
As 3 is invertible in O, this implies
θ ⊗
(
4∑
m=1
δmχm
)
∈ 4CF(P ×A4,O(P ×A4),O)
(see Proposition 3.6 for the definition of δm), and so
I
(
θ ⊗
(
4∑
m=1
δmχm
))
∈ 4CF(P ×A4,O(P ×A4),O). (4)
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Evaluating (4) at (x, 1), (x, (123)) and (x, (132)), for some x ∈ P , and using (3)
gives
J1(θ)(x) + J2(θ)(x) + J3(θ)(x) + J4(θ)(x) ∈ 4O, (5)
J1(θ)(x) + ωJ2(θ)(x) + ω
2J3(θ)(x) ∈ 4O, (6)
J1(θ)(x) + ω
2J2(θ)(x) + ωJ3(θ)(x) ∈ 4O. (7)
Set ζm := Jm(θ)(x), for 1 ≤ m ≤ 4. Adding (5), (6) and (7) gives 3ζ1+ζ4 ∈ 4O.
Now Lemma 3.7 tells us that ζ1 = ζ4 as certainly 3ζ1 + ζ4 6= 0. Therefore, by
(5), ζ2 + ζ3 ∈ 2O. So again by Lemma 3.7 ζ2 = ζ3 as ζ2 = −ζ3 is prohibited by
(5). Substituting into (6) gives ζ1 − ζ2 ∈ 4O. A final use of Lemma 3.7 tells us
that ζ1 = ±ζ2 but 2ζ1 /∈ 4O and so we must have ζ1 = ζ2 = ζ3 = ζ4.
We have shown that we may assume I is of the form
I(θ ⊗ χm) = J(θ) ⊗ χm,
for all θ ∈ Irr(P ) and 1 ≤ m ≤ 4, where J is a permutation of Irr(P ). In
particular the O-algebra automorphism of Z(O(P×A4)) induced by I leavesOP
invariant. Therefore the permutation J of Irr(P ) must induce an automorphism
of OP and the theorem is proved.
For the remainder of this section we fix some n ≥ 1. Set Hn to be (C2n ×
C2n)⋊ S3, where the action of S3 is given by permuting a, b and (ab)
−1, where
a and b are generators for the two cyclic factors. In addition set Gn ≤ Hn to
be (C2n × C2n) ⋊ C3, where the action of C3 is given by cyclically permuting
a, b and (ab)−1. For 1 ≤ i ≤ 4 set χi ∈ Irr(Gn) to be the inflation to Gn of the
character of A4 with the same label, and IBr(Gn) = {φ1, φ2, φ3} such that χi
lifts φi for 1 ≤ i ≤ 3.
Proposition 3.9. Let P be a finite abelian 2-group and n ≥ 1. Suppose I is a
permutation of Irr(P ×Gn) induced by a Morita auto-equivalence of O(P ×Gn).
Then there exists σ ∈ S3 and J ∈ Perf(OP ), with all signs positive, such that I
satisfies I(θ ⊗ χi) = J(θ) ⊗ χσ(i) for all θ ∈ Irr(P ) and 1 ≤ i ≤ 3.
Proof. For 1 ≤ i ≤ 3 set Xi := {θ ⊗ χi|θ ∈ Irr(P )}. I must permute the Xi’s
as each Xi is exactly the subset of Irr(P × Gn) of characters that reduce to
the Brauer character φi. By composing with a Morita equivalence induced by
tensoring with a linear character of Gn and/or conjugation by some element of
Hn, we may assume that I leaves each Xi invariant. Now for 1 ≤ i ≤ 3, we
define Ji : Irr(P )→ Irr(P ) by
I(θ ⊗ χi) = Ji(θ)⊗ χi.
By Lemma 3.4, I must be a perfect isometry. As∑
θ∈Irr(P )
αθ(θ ⊗ χi) ∈ CF(P ×A4,O(P ×A4),O)
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if and only if ∑
θ∈Irr(P )
αθθ ∈ CF(P,OP,O),
each Ji must be a perfect isometry. Given that the same is true for I, Ji must
also have all signs positive. Now for each θ ∈ Irr(P )
1
12
θ ⊗ (χ1 + χ2 + χ3 + 3χ4) ∈ CF(P ×A4,O(P ×A4),O).
Proceeding exactly as in the proof of Theorem 3.8 proves that J1 = J2 = J3
and hence the result is proved.
Note that no non-trivial irreducible character of C2n × C2n is Gn-stable.
Therefore for each χ ∈ Irr(Gn)\{χ1, χ2, χ3}, χ reduces to the Brauer character
φ1 + φ2 + φ3. Moreover, | Irr(Gn)\{χ1, χ2, χ3}| = (2
2n − 1)/3.
Additionally we recall the decomposition matrix of B0(OA5), where we also
set up some labelling of characters and Brauer characters.
µ1 µ2 µ3
ψ1 1 0 0
ψ2 1 1 0
ψ3 1 0 1
ψ4 1 1 1
Proposition 3.10. Let n ≥ 1. Suppose I is a permutation of Irr(B0(O(Gn ×
A5))) induced by a Morita auto-equivalence of B0(O(Gn × A5)). Then the set
{χi ⊗ ψj |1 ≤ i ≤ 3, 1 ≤ j ≤ 4} is left invariant by I.
Proof. We first note that I leaves {χi ⊗ ψj |1 ≤ i ≤ 3, 1 ≤ j ≤ 3} invariant as
this is exactly the subset of Irr(B0(O(Gn × A5))) consisting of characters that
reduce to a sum of 1 or 2 irreducible Brauer characters. Similarly
{χi ⊗ ψ4|1 ≤ i ≤ 3} ∪ {α⊗ ψ1|α ∈ Irr(Gn)\{χ1, χ2, χ3}}
is exactly the subset of Irr(B0(O(Gn×A5))) consisting of characters that reduce
to a sum of 3 distinct irreducible Brauer characters and so is also left invariant
by I. Due to the comments proceeding the proposition, for 1 ≤ i ≤ 3
∑
φ∈IBr(B0(O(Gn×A5)))
ξ∈Irr(B0(O(Gn×A5)))
Dχi⊗ψ4,φDξ,φ =
3∑
j=1
ξ∈Irr(B0(O(Gn×A5)))
Dξ,φi⊗µj
=

 ∑
χ∈Irr(OGn)
dGχ,φi




3∑
j=1
ψ∈Irr(B0(OA5))
dAψ,µj

 =
(
22n − 1
3
+ 1
)
8 = 8
22n + 2
3
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and for α ∈ Irr(Gn)\{χ1, χ2, χ3}
∑
φ∈IBr(B0(O(Gn×A5)))
ξ∈Irr(B0(O(Gn×A5)))
Dα⊗ψ1,φDξ,φ =
3∑
j=1
ξ∈Irr(B0(O(Gn×A5)))
Dξ,φj⊗µ1
=


3∑
j=1
χ∈Irr(OGn)
dGχ,φj



 ∑
ψ∈Irr(B0(OA5))
dAψ,µ1

 = 3(22n − 1
3
+ 1
)
4 = 4(22n + 2),
where D, dG and dA are the decomposition matrices of B0(O(Gn ×A5)), OGn
and B0(OA5) respectively. However, since I is induced by a Morita auto-
equivalence,∑
φ∈IBr(B0(O(Gn×A5)))
ξ∈Irr(B0(O(Gn×A5)))
Dχ⊗ψ,φDξ,φ =
∑
φ∈IBr(B0(O(Gn×A5)))
ξ∈Irr(B0(O(Gn×A5)))
DI(χ⊗ψ),φDξ,φ,
for all χ ∈ Irr(OG) and ψ ∈ Irr(B0(A5)). Therefore {χi ⊗ ψ4|1 ≤ i ≤ 3} is left
invariant by I and the claim is proved.
4 Picard groups of blocks with normal defect
group and related blocks
We begin this section with some more notation. Let G be a finite group and
B a block of OG. We denote by eB ∈ OG the block idempotent corresponding
to B and for each χ ∈ Irr(G) we denote by eχ ∈ KG the character idempotent
corresponding to χ. For this section we extend the meaning of Pic(B) and T (B)
to include the possibility that B is a direct sum of blocks. In this case T (B)
denotes the subset of Pic(B) consisting of modules that are direct sums of trivial
source modules.
An important tool in determining many of the Picard groups in this section
will be Weiss’ criterion, originally stated over the ring of p-adic integers. See [1,
Remark 1.8] for a discussion of the generalisation of the ground ring. For all of
this section up until Theorem 4.7 the prime p may be taken to be arbitrary.
For G a finite group, H a subgroup and M an OG-OG-bimodule, we define
HM = {m ∈M |g.m = m for all g ∈ H},
MH = {m ∈M |m.g = m for all g ∈ H}.
In particular, if M is a left OG-module we adopt the above notation by viewing
M as an OG-O{1}-bimodule.
Proposition 4.1 (Weiss [21]). Let P be a finite p-group, M a finitely generated
OP -module and Q ✁ P such that ResPQ(M) is free and
QM is a permutation
O(P/Q)-module. Then M is a permutation OP -module.
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Before we apply Weiss’ criterion we need a proposition. Let G be a finite
group, P a normal p-subgroup and B a block of OG. We denote by BP the sum
of blocks of O(G/P ) dominated by B, that is those blocks not annihilated by the
image of eB under the natural O-algebra homomorphism pP : OG→ O(G/P ),
where eB ∈ OG is the block idempotent corresponding to B. Finally, we set
Irr(B)P := {χ ∈ Irr(B)|P is contained in the kernel of χ}.
Before we state our proposition we recall an important theorem of Broue´ (see [4,
The´ore`me 1.2]).
Theorem 4.2. Let B, C be blocks of finite groups and M a B-C-bimodule that’s
projective as both a left B-module and a right C-module. Then M induces
a Morita equivalence between B and C if and only if KM induces a Morita
equivalence between KB and KC.
Proposition 4.3.
(a) The inflation map Inf : Irr(G/P ) → Irr(G) induces a bijection between
Irr(BP ) and Irr(B)P .
(b) Suppose M is a B-B-bimodule inducing a Morita auto-equivalence of B
that permutes the elements of Irr(B)P . Then PM = MP induces a Morita
auto-equivalence of BP . Furthermore, the permutation of Irr(BP ) induced
by PM is equal to the permutation that M induces on Irr(B)P , once these
two sets have been identified using part (a).
Proof.
(a) This is [18, Lemma 8.6].
(b) M is projective as a left OG-module, so M ↓S×{1} is a free OS-module,
where S ∈ Sylp(G). So
PM is an O-summand (pure sublattice) of M and
PM is a free leftO(S/P )-module. Hence PM is projective as a left O(G/P )-
module. We have analogous statements for MP as a right O(G/P )-module.
Now
KM ∼=
⊕
χ∈Irr(B)
Vχ ⊗K V
∗
f(χ),
where Vχ is the simple KB-module corresponding to χ and f is the per-
mutation of Irr(B) induced by M . So
K(PM) = P (KM) ∼=
⊕
χ∈Irr(B)P
Vχ ⊗K V
∗
f(χ), (8)
where the first equality follows from the fact that PM is an O-summand
of M and the isomorphism from the fact that for each χ ∈ Irr(G), χ ↓P is
a sum of trivial or a sum of non-trivial irreducible characters of P . Also,
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since f permutes Irr(B)P , we have P (KM) = (KM)P and so, as PM and
MP are O-summands ofM , we have that PM =MP . We have now proved
that MP is an O(G/P )-O(G/P )-bimodule, projective on the left and right,
inducing a permutation of characters of Irr(B)P , which we can identify with
Irr(BP ) by part (a). The claim now follows from Theorem 4.2.
The claim about the induced permutation of Irr(BP ) follows from (8).
The following proposition is a consequence of Weiss’ criterion and, together
with Proposition 4.3, will be the main tool used in proving Theorem 4.7.
Proposition 4.4. Suppose further to the hypotheses of Proposition 4.3(b) that
PM ∈ T (BP ). Then M ∈ T (B).
Proof. We want to show that M is an O(S × S)-permutation module, where
S ∈ Sylp(G). Due to Proposition 4.1 it is enough to show that
PM is an
O(S/P × S)-permutation module. However, this follows immediately from the
fact that we already know PM is an O(S/P × S/P )-permutation module.
This allows us to generalize part of [1, Proposition 4.3].
Corollary 4.5. Let G be a finite group and B a block of OG with normal defect
group D ✁G. If
Irr(B)D = {χ ∈ Irr(B)|χ is a lift of some φ ∈ IBr(B)},
then Pic(B) = T (B). In particular, if D and G/D are abelian and Z(G)∩D =
{1}, then Pic(B) = T (B).
Proof. We first note that | Irr(BD)| = | IBr(BD)| and so BD is a sum of defect
zero blocks and so we trivially have that any Pic(BD) = T (BD). Now since
{χ ∈ Irr(B)|χ is a lift of some φ ∈ IBr(B)},
is left invariant by any Morita auto-equivalence of B, we can apply Proposi-
tions 4.3 and 4.4 and the first statement follows.
For the second statement let P be an abelian p-group and H a p′-subgroup
of Aut(P ). By [11, §5 Theorem 2.3] CP (H) has an H-invariant complement in
P . Therefore if CP (H) is non-trivial then there exists a non-trivial, H-invariant,
irreducible character of P . Note that H naturally acts on Irr(P ) and we can
identify the action of H on Irr(Irr(P )) with that of H on P . Therefore we have
the reverse implication as well, namely if there exists a non-trivial, H-invariant,
irreducible character of P then CP (H) is non-trivial.
Now we assume D and G/D are abelian and Z(G) ∩ D = {1}. We first note
that p ∤ |G/D| as otherwise D is properly contained in a normal p-subgroup of
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G, a contradiction. So, by the previous paragraph, no non-trivial character of
D is G-stable. Therefore, any χ ∈ Irr(G) lying above any non-trivial λ ∈ Irr(D)
has degree greater than 1. So
Irr(B)D = {χ ∈ Irr(B)|χ(1) = 1}
= {χ ∈ Irr(B)|χ is a lift of some φ ∈ IBr(B)}
and the claim follows from the first part of the corollary.
Our first consequence is the boundedness of Picard groups for general blocks
with normal defect groups.
Proposition 4.6. Let G be a finite group and B a block of OG with normal
defect group D, then Picent(B) ≤ T (B). In particular |Pic(B)| ≤ |D|2!|T (B)|.
Proof. As in Corollary 4.5, we have | Irr(BD)| = | IBr(BD)| and so Pic(BD) =
T (BD) is a direct sum of trivial source modules. Recall that Picent(B) is
precisely the subgroup of bimodules in Pic(B) that fix every irreducible charac-
ter. Therefore any M ∈ Picent(B) certainly satisfies the conditions of Proposi-
tion 4.3(b) with respect to D and so the first part follows from Proposition 4.4.
By the Brauer-Feit theorem [3], Picent(B) is a subgroup of Pic(B) of index at
most |D|2! and the second part follows.
Applying the methods of this section, we have for example:
Theorem 4.7. Let p = 2, P be a finite abelian 2-group and n, n1, n2 ∈ N.
(a) Pic(O(P ×Gn)) = L(O(P ×Gn)) ∼= (P ⋊Aut(P ))× (C3 ⋊Out(Gn)).
(b) Pic(B0(O(P ×A5))) = L(B0(O(P ×A5))) ∼= (P ⋊Aut(P ))× C2.
(c) Pic(O(Gn1 ×Gn2)) = T (O(Gn1 ×Gn2))
∼=
(i) (C3 ⋊Out(Gn1)) ≀ S2 if n1 = n2,
(ii) (C3 ⋊Out(Gn1))× (C3 ⋊Out(Gn2)), if n1 6= n1;
(d) Pic(B0(O(Gn ×A5))) = T (B0(O(Gn ×A5))) ∼= (C3 ⋊Out(Gn))× C2.
(e) Pic(O((C2n)
3 ⋊ C7)) = T (O((C2n)
3 ⋊ C7)) ∼= C7 ⋊Out((C2n)
3 ⋊ C7).
(f) Pic(O((C2n)
3⋊(C7⋊C3))) = T (O((C2n)
3⋊(C7⋊C3))) ∼= C3⋊Out((C2n)
3⋊
(C7 ⋊ C3)).
For each block B above Picent(B) = 1.
Proof. Write D for a defect group of the block B of the group G under con-
sideration and A for a source algebra. Let E be the inertial quotient of the
block and F the fusion system associated to B. In the arguments that follow
we will make free use of the results of [1] as presented in Section 2, in particular
the exact sequences in (1). We also make repeated use of Lemma 3.4 without
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further reference to it. When referring to Gn it is assumed that the generators
of C2n × C2n are a and b and that C3 permutes a, b and (ab)
−1 cyclically.
Note that the principal 2-blocks of Gn, A5 and of any 2-group are equal to
their source algebras, and so by Lemma 2.3 the same is true for all blocks in
(a)-(d).
(a) LetM ∈ Pic(B). Recall from §3 that we are writing χ1, χ2, χ3 for the linear
characters of Gn. By Proposition 3.9 and Lemma 3.5(b) we may composeM
with a Morita auto-equivalence induced by some element of Aut(OP ) such
that the induced permutation I of Irr(P ×Gn) satisfies I(θ⊗χi) = θ⊗χσ(i),
where σ ∈ S3, for all θ ∈ Irr(P ) and 1 ≤ i ≤ 3.
We now assume that M does indeed induce the above permutation of char-
acters, in particular M satisfies the conditions of Proposition 4.3(b) with
respect to D. Therefore, DM induces a Morita auto-equivalence of OC3
and so certainly has trivial source. Proposition 4.4 now implies that M
must also have trivial source. We have shown that Pic(B) is generated by
Aut(OP ) and T (B). In particular, Lemma 3.5(a) implies Pic(B) = L(B).
We now calculate T (B). By the description proceeding Lemma 2.3 and
considering the direct summands of B⊗ODB, we have that OutD(A) ∼= C3
is precisely the set of Morita auto-equivalences given by tensoring with the
linear characters of B.
A direct calculation gives that Aut(D,F) ∼= Aut(P ) × NAut(O2(Gn))(C3).
Therefore, by Lemma 2.1, Out(D,F) ∼= Aut(P ) × Out(Gn) and so we can
realise Out(D,F) as a quotient of T (B). So T (O(P × Gn)) ∼= Aut(P ) ×
(C3 ⋊Out(Gn)). We finally note that Aut(OP ) ∩ T (B) = Aut(P ) and the
result follows.
(b) Let M ∈ Pic(B). We first note that by [5, A1.3], OA4 and B0(OA5) are
perfectly isometric. We can then apply Theorem 3.8 and compose M with
an appropriate element of Aut(OP ) to produce an element of Pic(B) that
permutes Irr(B)P .
Suppose now that M does permute Irr(B)P . By Proposition 4.3(b) PM
induces a Morita auto-equivalence of BP = B0(OA5). By [1, Theorem 1.5]
Pic(B0(OA5)) = T (B0(OA5)) ∼= C2 and so by Proposition 4.4M must have
trivial source. We have shown that Pic(B) is generated by Aut(OP ) and
T (B). In particular, Lemma 3.5(a) implies Pic(B) = L(B).
We now calculate T (B). By the proof of [1, Theorem 1.5], or by observing
that the nontrivial element of Pic(B0(OA5)) comes from the conjugation
action of S5, we have OutC2×C2(B0(OA5)) = 1. Since OutP (OP ) is also
trivial, by Lemma 2.3 OutD(A) = 1. It follows that T (B) ≤ Out(D,F) ∼=
Aut(P )× C2. Note that we can realise all elements of Out(D,F) in T (B).
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Indeed, Aut(P ) is realised in the obvious way and the non-trivial element
of C2 is realised by conjugating by some s ∈ S5\A5. We finally note that
Aut(OP ) ∩ T (B) = Aut(P ) and the result follows.
(c) That Pic(B) = T (B) follows immediately from the second part of Corol-
lary 4.5. We now calculate T (B). Note, by performing a similar calculation
to that in part (a), OutD(A) ∼= C3 ×C3 is precisely the set of Morita auto-
equivalences given by tensoring with the linear characters of B. Now, by
Lemma 2.1,
Out(D,F) ∼= Out(G) ∼=
{
Out(Gn1) ≀ S2 if n1 = n2,
Out(Gn1)×Out(Gn2) if n1 6= n2.
Note that Out(D,F) is realised as a quotient of T (B) and the result follows.
(d) LetM ∈ Pic(B) and let S ∈ Sylp(Gn). By Proposition 3.10 and Proposition
4.3(b), SM induces a Morita auto-equivalence of BS ∼= OC3 ⊗O B0(OA5).
We now claim that Pic(BS) = T (BS). We have
BS =
⊕
λ∈Irr(C3)
eλB
S
and each eλB
S ∼= B0(OA5). Let N ∈ Pic(B
S). Certainly Pic(OC3) =
T (OC3) acts as the full permutation group on Irr(C3). So we may assume
N =
⊕
λ∈Irr(C3)
Nλ ∈ Pic(B
S),
where each Nλ ∈ Pic(eλB
S). Now, as in (b), each Nλ has trivial source.
Therefore SM ∈ Pic(BS) = T (BS) and hence, by Theorem 4.4, M ∈ T (B).
We now calculate T (B). Once again, by Lemma 2.3 we have that OutD(A) ∼=
C3, which must then be the set of Morita auto-equivalences given by tensor-
ing with the linear characters of OGn. Now, a direct calculation when
n = 1 or by noting that Aut(D,F) must respect the decomposition D =
(D ∩Gn)× (D ∩ A5) and applying Lemma 2.1 when n > 1,
Out(D,F) ∼=
{
C2 ≀ C2 ∼= D8 if n = 1,
Out(Gn)× C2 if n > 1.
(9)
If n > 1 then, once again, we can realise Out(D,F) as a quotient of T (B).
The result follows for n > 1. Now suppose n = 1. We have S3×C2 ≤ T (B),
where OutD(A) ∼= C3 consists of elements acting as multiplication by a
linear character of A4 and the remaining elements come from conjugation
by elements of S4×S5. Now either S3×C2 ∼= T (B) or S3×C2 is isomorphic
to an index 2 subgroup N of T (B). In the latter case the isomorphism in
(9) gives that the element α of Pic(B) induced by conjugation by some
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s ∈ S5\A5 is not central in Pic(B). However, Z(N) = 〈α〉 and since N
has index 2 in Pic(B), 〈α〉 ≤ Z(Pic(B)), a contradiction. Therefore we do
indeed have that T (B) ∼= S3 × C2.
(e) That Pic(B) = T (B) follows immediately from Corollary 4.5. By the de-
scription preceding Lemma 2.3, OutD(A) ∼= C7. Lemma 2.1 gives Out(D,F) ∼=
Out(G) and the result follows from (1), noting that as Out(D,F) is realised
by a subgroup of Pic(B) (given by group automorphisms) we do have a
semidirect product.
(f) Again Pic(B) = T (B) follows immediately from Corollary 4.5. To calculate
OutD(A), consider
H := C32n ⋊ C7 ≤ C
3
2n ⋊ (C7 ⋊ C3).
Then
OH ⊗OD OH ∼=
⊕
λ∈Irr(C7)
Mλ,
where Mλ ∈ Pic(OH) is given by tensoring with λ. Note that
StabG×G(Mλ) ∼=
{
(∆G).(H ×H) if λ = 1,
(H ×H) if λ 6= 1.
Therefore the only summands of OG ⊗OD OG that might possibly induce
a Morita auto-equivalence on OG are the direct summands of
M1 ↑
G×G∼=
⊕
µ∈Irr(C3)
Nµ,
where Nµ ∈ Pic(OG) is given by tensoring with µ. In particular OutD(A) ∼=
C3. Lemma 2.1 gives Out(D,F) ∼= Out(G) and so the result follows from
(1), noting as above that we do have a semidirect product since Out(D,F)
is realised by a subgroup of Pic(B).
The final remark concerning Picent(B) follows since in each case every ele-
ment of Pic(B) induces a nontrivial permutation of Irr(B).
5 Blocks with abelian defect groups of 2-rank at
most three
In [9], which uses also results of [22], the Morita equivalence classes of 2-blocks
with abelian defect groups of 2-rank at most three were classified. In this section
we complete the computation of the Picard groups of a representative from each
Morita equivalence class, so that the isomorphism type of the Picard group is
known for every such block.
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Proposition 5.1 ([9],[22]). Let G be a finite group and B a block of OG with
defect group D of 2-rank at most 3. Then B is Morita equivalent to the principal
block of one of: (i) OD; (ii) O(D ⋊ C3); (iii) O(C2n × A5) for n ≥ 0; (iv)
O(D⋊C7); (v) OSL2(8); (vi) O(D⋊(C7⋊C3)); (vii) OJ1; (viii) OAut(SL2(8)).
In order to prove Corollary 1.3, following Lemma 3.5 and Theorem 4.7 it
remains to calculate the Picard groups for SL2(8) and Aut(SL2(8)). As men-
tioned earlier, the Picard group of the principal block of J1 has been calculated
by Eisele (and is trivial).
5.1 The principal 2-block of SL2(2
n)
Lemma 5.2. Let n ∈ N and G = (C2)
n ⋊ C2n−1, where C2n−1 acts trans-
itively on the non-trivial elements of (C2)
n. Then Pic(O((C2)
n ⋊ C2n−1)) =
T (O((C2)
n ⋊C2n−1)) ∼= C2n−1 ⋊Cn, where the elements of C2n−1 permute the
linear characters of G. Further Picent(OG) = 1.
Proof. This follows from [1, 4.3]. That Picent(OG) = 1 follows since every
nontrivial element of Pic(OG) induces a nontrivial permutation of Irr(G).
The calculation of the Picard group of the principal 2-block of SL2(2
n) is a
generalisation of the arguments in [1] for A5 ∼= SL2(4).
Proposition 5.3. Let B = B0(OSL2(2
n)), where n > 1. Then Pic(B) =
T (B) ∼= Cn and Picent(B) = 1.
Proof. Let G = SL2(2
n), where n > 1, and let B be the principal block of
OG. Write q = 2n. Let D ∈ Syl2(G), so D is elementary abelian of order q
and H := NG(D) = D ⋊ E where E ∼= Cq−1. Let b = OH . By Lemma 5.2
Pic(b) = T (b) = Cq−1 ⋊ Cn, where the elements of Cq−1 permute the linear
characters of H and Cn acts as group automorphisms obtained from Aut(G)
(note that NAut(G)(D) ∼= H ⋊ Cn). Now D is a trivial intersection subgroup of
G, so induction and restriction gives a splendid stable equivalence of Morita type
F : mod (b) → mod (B). Let M ∈ Pic(B). By [13] the trivial module for
B ⊗O k is distinguished as the unique simple module V with Ext
1
kG(V,W ) 6= 0
for three distinct simple kG-modules W . It follows that MH := F
∗ ◦M ◦ F :
mod (b)→ mod (B) gives a stable auto-equivalence of Morita type preserving
the trivial b-module. By [6, Corollary 3.3] MH must then preserve every simple
b-module, and so it is a Morita equivalence. The subgroup of Pic(b) consisting
of bimodules fixing the trivial module is the subgroup of bimodules induced by
group automorphisms of G is described above, and is isomorphic to Cn. Since
MH ∈ T (b) and we have a splendid stable equivalence between b and B, it
follows thatM ∈ T (B). We now apply the description of T (B) in (1). Let A be
a source algebra for B. Suppose that M ∈ OutD(A) is nontrivial. Then, as F
is induced by a trivial source module, MH ∈ OutD(OH) and is also nontrivial.
HenceMH permutes the simple modules ofH , with no fixed points. In particular
MH does not fix the trivial module, a contradiction. Hence OutD(A) = 1. Now
Out(D,F) ∼= Cn. Since Out(G) ∼= Cn, the result follows, noting that every such
automorphism acts nontrivially on Irr(B) so Picent(B) = 1.
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5.2 The principal 2-block of Aut(SL2(8))
The calculation of Pic(B0(OAut(SL2(8)))) is complicated by the fact that
we may no longer use [6, Corollary 3.3], which requires the inertial quotient
to be cyclic. Instead we must show directly that any Morita equivalence of
B0(OAut(SL2(8))) restricted to the principal block b of the normalizer of a
Sylow 2-subgroup gives rise to a auto-equivalence of b permuting the simple
modules.
Proposition 5.4. Let B = B0(OAut(SL2(8))) or B0(O
2G2(3
2m+1)) for m ≥
1. Then Pic(B) = T (B) ∼= C3 and Picent(B) = 1.
Proof. Let G = Aut(SL2(8)) and N ≤ G with N ∼= SL2(8). Let D ∈ Syl2(G)
and write H = NG(D). We have H ∼= D ⋊ (C7 ⋊ C3) = (D ⋊ C7)⋊ C3. Write
B for the principal block of OG and b for the principal block of OH .
Let M ∈ Pic(B). Since D is a trivial intersection subgroup of G, induc-
tion and restriction gives a splendid stable equivalence of Morita type F :
mod (b) → mod (B). Hence MH := F
∗ ◦ M ◦ F : mod (b) → mod (b)
induces a stable auto-equivalence of Morita type of b. We show that this stable
equivalence sends simple modules to simple modules.
Using GAP, with output given in [10], B has irreducible characters of degrees
1, 1, 1, 7, 7, 7, 21, 27, irreducible Brauer characters of degrees 1, 1, 1, 6, 12 (which
we write I, 1, 1∗, 6, 12) and decomposition matrix

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 1 0
0 0 1 1 0
1 1 1 1 1
1 1 1 2 1


.
From examination of the decomposition matrix,M⊗k permutes the modules
of dimension one, fixing the other simple modules.
b has simple modules of dimensions 1, 1, 1, 3, 3, labelled 11, 12, 13, 31, 32. We
may choose our labelling so that I, 1, 1∗ has Green correspondent 11, 12, 13
respectively. By [14, Theorem 5.3] ResGH(6) =
31
32
and
ResGH(12) =
32
32 31
31
,
where the Loewy and socle series coincide. By Frobenius reciprocity IndGH(31)
has head 12 and socle 6, and IndGH(32) has head 6 and socle 12.
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Write PS for the projective cover of the simple module S. By [14, Theorem
4.1] P12 has Loewy and socle series
12
6
1 I 1∗
6
1 I 1∗
6
12
.
Since P12 is the projective cover of Ind
G
H(31) and injective hull of Ind
G
H(32),
and since both induced modules have dimension 27, we must have IndGH(31)
∼=
P12/ rad
4(P12) and Ind
G
H(32)
∼= rad3(P12). We deduce that M fixes the Green
correspondents of 31 and 32, and permutes those of the linear modules, so MH
permutes the simple modules. It follows by [15, Theorem 4.14.10] that MH
induces a Morita auto-equivalence of b. By Theorem 4.7 Pic(b) = T (b), so MH
has trivial source as a bimodule. Since F is induced by a trivial source bimodule
it follows that M also has trivial source, i.e., M ∈ T (B).
We now calculate T (B). Let A be a source algebra for B. Now OutD(A) is
isomorphic to a subgroup of Homk(C7 ⋊ C3, k
×) ∼= C3. It follows from Lemma
2.2 that OutD(A) ∼= C3. Since C7 ⋊ C3 is a non-normal maximal subgroup of
GL3(2) it follows that Out(D,F) = NGL3(2)(C7 ⋊ C3)/(C7 ⋊ C3) = 1. Hence
T (B) ∼= C3 as required. Note that each element of Pic(B) induces a nontrivial
permutation of Irr(B), so Picent(B) = 1.
Now suppose that B = B0(O
2G2(3
2m+1)) for some m ≥ 1. By [19, Ex-
ample 3.3] there is a splendid Morita equivalence between B0(O
2G2(3
2m+1))
and B0(Aut(SL2(8)), i.e., one induced by a trivial source bimodule, so that
T (B0(O
2G2(3
2m+1))) ∼= T (B0(OAut(SL2(8)))) and Pic(B0(O
2G2(3
2m+1))) ∼=
Pic(B0(OAut(SL2(8))))
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